Abstract. The free oscillations of n-degree-of-freedom (DOF) nonlinear systems with cyclic symmetry and weak coupling between substructures are examined. An asymptotic methodology is used to detect localized nonsimilar normal modes, i.e., free periodic motions spatially confined to only a limited number of substructures of the cyclic system. It is shown that nonlinear mode localization occurs in the perfectly symmetric, weakly coupled structure, in contrast to linear mode localization, which exists only in the presence of substructure "mistuning." In addition to the localized modes, nonlocalized modes are also found in the weakly coupled system. The stability of the identified modes is investigated by means of an approximate two-timing averaging methodology, and the general theory is applied to the case of a cyclic system with three-DOF. The theoretical results are then verified by direct numerical integrations of the equations of motion.
1. Introduction. In a number of recent studies on linear mode localization [1] , [3] , [4] , [8] , [17] , it was shown that weak structural irregularities (which are inherent in all practical engineering structures) may lead to a confinement of the free and forced vibration of weakly coupled linear periodic systems. This is due to the fact that in such systems localized modes exist, i.e., vibration modes during which only a limited number of substructures is excited, the remaining structure remaining virtually motionless.
As stated in the literature, mode localization can have a beneficial effect in cases where a confinement of the vibrational energy is required (as, for example, in the case of transient motions of large periodic space structures), or it can result in failure of structural components (as in the case of vibrations of mistuned rotating bladed discs).
The majority of existing studies deal with linear mode localization. Pierre and Dowell [8] used a perturbation methodology to study mode localization in a system of weakly coupled, weakly mistuned, linearized pendula. They showed that localized modes exist when the coupling frequency between subsystems is of the order or smaller than the spread in natural frequencies of the component systems. Hodges [4] showed how structural irregularities lead to mode localization in elastic systems; numerical computations of localized vibrations and wave confinement in models of large periodic space structures were carried out in [1] and [3] . In [17] and [18] , Wei and Pierre used the perturbation methodology developed in [8] to study free and forced localized motions in linear mistuned assemblies with cyclic symmetry.
A limited number of studies on mode localization in nonlinear systems exists. In [16] a numerical technique was used to study the response of weakly coupled, nearly system. In two recent studies by the first of the authors [11] , [12] , the concepts of "similar" and "nonsimilar nonlinear normal mode" [10] were used to analytically study nonlinear mode localization in two-DOF systems with strong cubic stiffness nonlinearity. It was found that (in contrast to the findings of linear theory) nonlinear mode localization exists in the perfectly tuned nonlinear system, the only prerequisite for its existence being that the subsystems be weakly coupled. Thus nonlinear mode localization was found to be independent of any mistuning of the subsystems of the nonlinear structure, a novel result, with no counterpart in existing linear theories.
In this work, a general theory for mode localization in a class of n-DOF systems with cyclic symmetry and strong stiffness nonlinearities is developed. It is proved that these periodic systems possess a number of localized, nonsimilar, nonlinear normal modes, some of which are orbitally stable, and thus physically realizable. In 2 the problem is formulated, the localized modes are asymptotically approximated, and their stability is considered. In 3 the general theory is applied to the case of a three-DOF cyclic system, and in 4 the results of the theory are compared to those of numerical simulations. Finally, in 5 a discussion on the primary findings of this work is given.
2. Asymptotic approximation of the localized modes. In this section, an n-DOF nonlinear structure with cyclic symmetry is considered. It is assumed that it consists of n identical, nonlinear substructures coupled together by means of weak nonlinear connecting stiffnesses. The equations of motion for the system are of the form
where f}u) is the restoring force of the ith uncoupled substructure; ef} c) is the weak restoring force due to coupling between substructures i-1, i, and i+ 1; and e is a small parameter of perturbation order. In writing (1), it is assumed that the ith substructure interacts only with its two neighboring substructures i-1 and i+ 1 and that no other substructure interaction occurs. The requirement of perfect periodicity is satisfied if (2) f}u)=f),), f}c)= f)c Vi, j [1, n], whereas the requirement of cyclic symmetry is met by identifying x,+ ---Xl, Xo -= x,.
The functions f}") and fc) are assumed to have the following properties:
With (i), the stiffnesses of the uncoupled substructures are assumed to be symmetric, i.e., to respond to an equal amount to tension and compression. With assumption (ii), the total stiffness interaction between three substructures i-1, i, and i+ 1 can be decomposed into mutual individual interactions between neighboring substructures. The individual restoring forces are then symmetric by (iii). Finally, the functions f}) and f}c) are assumed to be sufficiently smooth and to possess Taylor series expansions about the zero value of their arguments.
Under these conditions, it has been proved [10] that the dynamical system represented by (1) can possess "nonlinear normal modes," i.e., periodic motions passing through the origin of the configuration space with all coordinates reaching their extremum values simultaneously. These modes are represented in the configuration space of the system by modal lines and can be classified as "similar" (straight modal lines) or "nonsimilar" (curved modal lines) [10] . Similar modes can only occur in systems with special symmetries in their potential function [2] , [9] and thus are not generic for the class of systems (1). Nonsimilar modes are generic for the dynamical systems under consideration; a necessary condition for their existence is that the coordinates X in (1) be expressed by relations of the form (3) X i(Xr), 1,''', n, r, where the coordinate x is used to parametrize the nonsimilar motion. The functions i(') (which generally have a nonlinear dependence on xr) define a curve in the n-dimensional configuration space of the oscillator.
Expressing the time derivatives in the equations of motion in terms of the functions i(') and the coordinate xr, we find that the following (n-1) functional equations must be satisfied for a nonsimilar normal mode to exist [1], [10] : [10] , [9] , [5] . Therefore it is necessary to impose the following additional set of (n "1) functional "boundary" conditions that hold at the points of intersection of the modal line with the maximum equipotential surface (Xr is the amplitude of oscillation of the parametrizing coordinate Xr) di 1 --fi(i(Xr),... ,n(Xr)). In what follows, the sets of equations (4) and (5) will be asymptotically solved by using the methodology first introduced by Manevich and Mikhlin [5] . The asymptotic solutions will be developed for the specific set of initial conditions xi(0) X, i(0) 0, 1, 2,..., n, but the same methodology can be applied for systems with different initial conditions.
Following [5] , the modal line (3) is expressed as (6) )i(Xl) E :}k)(xl), i= 2,'' ", n, k=0 where 2}k(xl) O(e); for convenience and without loss of generality, the parametrizing coordinate was chosen to be xr x. The series expression (6) is substituted into the functional equations (4) and (5) , the coefficients of respective powers of e are set equal to zero, and successive approximations to the modal line (3) are computed. It will be assumed that the zeroth-order approximation in (6) corresponds to a similar normal mode; as a result, the nonsimilar normal modes computed by (4), (5) will result as perturbations of similar normal modes.
2.1. Zeroth-order approximation (similar modes). The zeroth-order approximation is sought in the form of similar normal modes (7) })(x) aix, i=2,'.., n.
Substituting (6) into (4) and (5), gathering terms of O(1), and taking into account expressions (1) and (7), we obtain the following relations for the model constants ai: (8) af')(x)-f')(ax) =0, i= 2, , n.
At this point, the stiffness of the ith uncoupled substructure is expanded in Taylor series about xi 0 (9) f}')(xi)= r(u) These are the modal constants corresponding to the degenerate structure consisting of n uncoupled identical subsystems. When the uncoupled subsystems are linear (the Taylor series (9) contains only the term corresponding to k-0), the modal constants a can take arbitrary real values. In that case, mode localization can only be achieved by introducing small imperfections ("mistuning") in the periodic substructures. The resulting perturbations of the linear "degenerate" modes lead to linear mode localization.
When nonlinearities exist (terms in (9) with k => 1), the values of a are restricted to 0 or + 1, and no "mistuning" of the substructures is required. For a system consisting of n identical substructures, (3n-1+2 n-l) "degenerate" nonlinear modes are then possible corresponding to all possible combinations of the modal constants a. The nonsimilar modes resulting as perturbations of the degenerate modes will now be analyzed by considering the O(e)-terms in the functional equations (4), (5). 2.2. First-order approximation (nonsimilar normal modes). Substituting the series expression (6) into (4), taking into account (7), and considering only terms of O(e),
we obtain the following set of functional equations for the first-order approximations
n.
The quantity V (") represents the O(1) term of the potential energy V, and the uncoupled restoring force was expressed as f}")(ax, + )I1)) f}")(aix,) + of}")
Complementing (11) there exist (n-1) "boundary" functional relations of the form
for i=2,. , n.
Equations (11) form a set of (n-1) coupled equations in terms of the first-order approximations :}1); however, a careful examination of the coupling term (formed by the two last terms in (11) , (12)) reveals that it is identically zero
=0, p=2 P since otif}U)(x,)--f}U)(oix1)=O for fu)=f},) and Oi'0 or +1. Hence, it is concluded that, for the perfectly periodic structure under consideration, (11) (and apparently (12) ) become uncoupled in the unknowns 11; as a result, we can solve each equation separately to obtain the approximations for the nonsirnilar normal modes close to the degenerate similar normal modes of the zeroth-order approximation.
The uncoupled equations of the first-order approximation (11) , (12) will now be solved in terms of the unknowns 9), i= 2,..., n. To this end, the following symbolic representation and Taylor expansions of the coupling forces are used:
,i,(2k+1)(0; ci-, eel, cei+,)x2ik+l/(2k+ k=O i=1,2,...,n.
Expressing the quantity V (") as V(U)(Xl,
and taking into account (13), we can express the functional equations (11), (12) are now expressed in the series form [5] The unknown functions
(1) (16) )}l)(x') E aim.,l i= 2,''', n, m=0 where the coefficients all are as yet unknown O(e)-quantities that are determined by substituting (16) into the functional equations (14) (18) . Using the derived asymptotic approximations for the modal curves, we can compute the time response of the parametrizing coordinate x x(t) and the frequency of free oscillation of the nonsimilar mode, by substituting (18) into the equations of motion (1) and integrating by quadratures. Application of this technique for computing the time responses and the "backbone" curves of nonsimilar modes can be found in [12] , [13] . Remark 3. Suppose now that a=0, i=2,..., n; then (20) is satisfied for i= 3,. ", n-2; therefore, the asymptotic theory predicts the following motions for the corresponding nonsimilar mode" (21) Xl=O (1), x2=O(e), x,=O(e), x=O(e2), i=3,...,n-2. Hence, it is proved that the perfectly tuned, weakly nonlinear, wclic structure possesses a localized nonsimilar mode during which the motion is mainly confined to only one of its coordinates, the remaining coordinates oscillating with amplitudes of at least O(e). It can be shown that this localized mode exists only in the nonlinear cyclic structure; when no nonlinearity exists, mode localization can be achieved only when the cyclic periodicity is peurbed by weak substructure "mistunings" [17] . (i) ci =0, for some i, and ci_ ci+ =0, or c_1 =-c+1 (ii) ci +1, for some i, and a_ a,, a+l az, or ai-a2, a+l a, (iii) ai =-1, for some i, and ai-1 However, as shown in the next section where a three-DOF system is examined, only a limited number of these modes are orbitally stable.
As far as the stability of the nonsimilar modes is concerned, it can be proved that they are Lyapunov unstable (since their frequency of free oscillation depends on the amplitude of the motion). Thus at most we can expect orbital stability. This type of stability is investigated by peurbing the nonsimilar periodic solutions with small variations (22)
x(t) x(t) + i(t), [i(t)[ << ix(t)],
1, , n, where x(t) is the time response of the ith coordinate when the system oscillates in the nonsimilar mode (18) . Substituting + -o(x-x_l (x-x, where 1, , n. This is a set of n coupled, linear differential equations with periodic coecients and their stability can be determined by using concepts from Floquet theory [6] . Note that, since no general solutions exist for the set (23), the stability analysis must be performed on a case-by-case basis.
3. Alet f te te t tree-OF system. The general theory is now used to investigate the nonsimilar modes of the cyclic system shown in Fig. 1 . It is assumed that the coupling between substructures is weak and that cubic stiffness nonlinearities exist. Note that the system is strongly nonlinear, since the nonlinear terms of the substructures are assumed to be of O(1).
There exist thieen degenerate similar modes (corresponding to the system with uncoupled substructures), which, due to the cyclic symmetry, are reduced to only five [6] , [7] . In what follows, the multiple scales averaging method is used to study (27) . .
Ai -3 E2(oi O,j)2, Aii=3Ela2 (32)) are determined by eliminating the secular terms [6] , [7] in the right-hand side of (33). [10] , who examined nonlocalized nonsimilar modes using a different perturbation methodology.
The stability of the modes of the weakly coupled periodic system was investigated using the aforementioned approximate stability methodology. It was found that the strongly localized mode 1 and the weakly localized mode 2 are orbitally stable, whereas the nonlocalized nonsimilar mode 3 and the similar mode 4 are orbitally unstable. As far as the similar mode 5 is concerned, the linearized stability analysis presented in this work gives inconclusive results (all exponents y are zero for this mode). The stability indeterminacy of this mode is due to the degeneracy of the symmetric system under consideration, and, by using a nonlinear stability analysis (in the form of numerically computed Poincar6 maps), it can be shown that mode 5 is orbitally stable.
4. Numerical integrations. To verify the analytic results, the equations of motion of the three-DOF cyclic system were numerically integrated using a fourth-order Runge-Kutta algorithm. The initial conditions for the numerical integrations were taken to be close to the ones predicted by the asymptotic results, and the existence of the theoretically predicted modes was verified.
First, a system with parameters to2,1 1, ew 2.2 0.025, el =0.5, ee2 0.01, X1 1.0 is considered (for the stability analysis, it was assumed that ee 0.5). The strongly localized nonsimilar mode 1 was computed using the asymptotic theory as (In this case, as in all subsequent ones, the initial conditions x2(0) and x3(0) for the numerical integrations were computed using the theoretical modal curve, xl(0) was taken to be equal to X1, and the initial velocities were assumed to be zero.) Moreover, the numerical integrations indicate that the mode is orbitally stable.
In Fig. 3 the weakly localized nonsimilar mode 2 of a system with parameters consisted of n-single-DOF undamped, nonlinear substructures coupled together by weak nonlinear symmetric stiffnesses.
For this class of systems, the sets of (n-1) functional equations describing the nonsimilar modes were found to be uncoupled to the first order of approximation, a result due to weak substructure coupling. This fact simplifies greatly the perturbation analysis, since each of the uncoupled equations was examined and solved separately; the derivation of analytical recursive formulas for evaluating the components of the nonsimilar modal curves was then made possible. The theoretical results indicate that the n-DOF nonlinear cyclic structure possess localized and nonlocalized nonsimilar modes. These modes neighbor degenerate similar ones (of the corresponding uncoupled structure) and, for some of them, the motion is localized in only a limited number of substructures. Hence it was shown that mode localization can exist in the perfectly symmetric structure, and it does not depend on the existence of "mistuning" between substructures (as in the corresponding linear cyclic system). Therefore it was proved that the only essential factor for nonlinear mode localization is that weak coupling between substructures exists, in contrast to linear mode localization, which can only be achieved in the presence of weak coupling and weak mistuning between substructures. This result is considered by the authors to be novel and is an extension for the general n-DOF cyclic system of the results reported in an earlier work for a two-DOF periodic sysstem with no cyclic symmetry [12] . In addition to localized nonsimilar modes, nonlocalized ("extended") nonsimilar modes, and similar modes were detected in the weakly coupled structure. The orbital stability of all modes was investigated using an approximate averaging method; some of the localized and localized nonlinear modes were found to be orbitally unstable and thus not physically realizable. The general theory was applied to the case of a three-DOF system with cyclic symmetry, and the analytical results were verified by direct numerical integrations of the equations of motion.
In future work, it will be investigated how the detected localized modes affect the forced response of the system. This problem has particular practical significance in the dynamics of bladed disc assemblies and large space reflectors; it is expected that nonlinear localized modes will lead to motion and wave confinement of the forced vibrations of such systems, a result with potentially useful implications on the vibration isolation of these cyclic structures.
